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A GERSTEN COMPLEX ON REAL SCHEMES
FANGZHOU JIN AND HENG XIE
ABSTRACT. We discuss a connection between coherent duality and Verdier duality via a Gersten-type
complex of sheaves on real schemes, and show that this construction is compatible with the exceptional
inverse image functor f !. The hypercohomology of this complex coincides with cohomology of the
Gersten-Witt complex, which in some cases can be related to topological or semialgebraic Borel-Moore
homology.
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1. INTRODUCTION
In algebraic geometry and topology, there are several frameworks in which local and global duality
theorems can be incarnated by a machinery of Grothendieck six functors formalism, such as
‚ coherent duality in the derived category of quasi-coherent sheaves over a scheme;
‚ e´tale duality in the derived category of torsion e´tale sheaves over a scheme;
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‚ Verdier duality in the derived category of sheaves over a locally compact topological space;
‚ A1-homotopic duality in triangulated categories of motivic sheaves.
All these formalisms are modeled over the coherent duality in [Har66], where the main upshot is the
existence of dualizing objects and the fact that they are preserved by the exceptional inverse image
functor f !. However, it turns out that the coherent formalism behaves quite differently from the
others: for example, in the coherent context, the exceptional direct image functor f! does not exist,
and there is no suitable subcategory of constructible objects perserved by the six functors, while base
change and purity theorems hold in a much greater generality. One of the main goals of this paper is
to build up a bridge between coherent duality and a variant of Verdier duality, called semialgebraic
Verdier duality, which is provided by the arithmetic-geometric information encoded in the orderings
of the residue fields of a scheme as studied in real algebraic geometry. Such a result reveals a new
relation between these duality theories, in a way that one may consider coherent dualizing complexes
as primal models of dualizing objects.
On the other hand, in light of Grothendieck’s coherent duality theory, for Witt groups of symmet-
ric bilinear forms, the Gersten-Witt complex of a scheme with dualizing complex is defined by Gille
([Gil07]). Gille’s construction uses the choice of a family of injective hulls, which we tend to avoid:
we use a slightly different strategy to construct a Rost-Schmid type precomplex CRSpX,W,Kq for
a scheme X with dualizing complex K , and show that it is a complex when 2 is invertible on X
(cf. Section 3.2). It is also worth mentioning that a very similar construction using residual com-
plexes appears recently in [Plo19, §3]. For a discussion for the corresponding Gersten conjecture, see
Remark 3.2.3.
The comparison between the Witt sheaf and constant sheaf on the real scheme ([Jac17, Theorem
8.6]) suggests that a similar construction could also exist on real schemes. Recall that if X is a
scheme, the associated real scheme Xr is a topological space whose points are pairs px, λq, where
x is a point of X and λ is an ordering of the residue field of x ([Sch95, 0.4.2]). If K is a dualizing
complex on X, we construct in Section 4.3 a precomplex CpXr,Kq. In the case where K is an
invertible sheaf (for example ifX is Gorenstein), the antecedents of this construction can be found in
[Sch94], [Schmid], [Jac17] and [HWXZ19]. Our construction here with general dualizing complexes
is new in the literature. We then construct a signature map
Sign: CRSpX,W,Kq Ñ CpXr,Kq
and show that it is an isomorphism after passing to colimits of the powers of the fundamental ideal.
From this fact and the reduction to characteristic 0 trick in [DFKJ20], we deduce that for any pair
pX,Kq, CpXr,Kq is a complex (Corollary 4.4.1).
Sheafifying the complex CpXr,Kq gives us a complex of sheaves CpXr,Kq on Xr. We prove
that its hypercohomology groups can be computed as
HiCpXr,Kq » H
iCpX, I8,Kq
where the complex CpX, I8,Kq is obtained by sheafifying the complex CRSpX,W,Kq and by tak-
ing the colimit on the powers of the fundamental ideal (cf. Proposition 4.3.5). IfX is regular and 2 is
invertible on X, this recovers [Jac17, Corollary 8.9], and our results give a natural generalization of
such a relation to singular schemes by means of dualizing complexes.
Then comes our main result: we show that the sheafified complex CpXr,Kq establishes an in-
teresting relation between Grothendieck’s coherent duality and semialgebraic Verdier duality. More
precisely, if f : X Ñ Y is a quasi-projective morphism and K is a dualizing complex on Y , we
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prove, for every quasi-projective morphism f : X Ñ Y , the existence of an isomorphism (cf. Theo-
rem 5.2.6)
CpXr, f
!Kq » f !rCpYr,Kq
where fr : Xr Ñ Yr is the associated map on the real schemes, and the functors f
! (resp. f !r) is the
exceptional inverse image in Grothendieck’s coherent duality (resp. in semialgebraic Verdier duality).
As a particular case, if S “ SpecR is the spectrum of a real closed field and if X Ñ S is a quasi-
projective morphism, the hypercohomology of the complex CpXr, f
!OSq recovers the semialgebraic
Borel-Moore homology over R ([Del91, III §2]), that is,
H´nCpXr, f
!OSq » H
BM
n pXpRq,Zq.
In the case where R is the field of real numbers, we recover the classical Borel-Moore homology in
topology (cf. [Bre97]).
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2. NOTATIONS AND CONVENTIONS
2.1. On schemes and sheaves. All schemes considered are noetherian schemes of finite Krull di-
mension. Smooth morphisms are seperated of finite type. If X is a scheme and x is a point of X,
denote by kpxq the residue field of x. From time to time we will assume that 2 is invertible, that is,
consider schemes that are defined over SpecpZr1{2sq. We will mention explicitly when this hypoth-
esis is made.
‚ All sheaves considered are sheaves of abelian groups. We identify a vector bundle with the
locally free sheaf given by the sheaf of its sections.
‚ If X Ñ S and Y Ñ S are two morphisms of schemes, denote by pX : X ˆS Y Ñ X and
pY : X ˆS Y Ñ Y the projections. If F (respectively G) is a sheaf of abelian groups on X
(respectively Y ), denote by F bS G :“ p
˚
XF b p
˚
Y G.
‚ We denote by I8 (resp. I8) the colimit of the powers of the fundamental ideal (resp. the
colimit of the sheaves of the powers of the fundamental ideal).
‚ Let pX,OX q be a ringed space and let L be a locally free OX -module of rank one. If F is a
sheaf onX with an action of the sheaf OˆX , we define the twisted sheaf FpLq to be the sheaf
associated to the presheaf
U ÞÑ FpUq b
ZrOˆ
X
pUqs ZrLpUq
ˆs
where for a set S, ZpSq denotes the free abelian group with basis S([HWXZ19, Definition
2.28]). The sheaf FpLq is locally isomorphic to F .
‚ By precomplex of abelian groups, we mean a sequence of maps of abelian groups.
2.2. On dualizing complexes. Recall the following facts about dualizing complexes:
‚ IfX is a scheme, denote byDbcpQpXqq the derived category of bounded complexes of quasi-
coherent sheaves onX with coherent cohomology.
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‚ A dualizing complex on X is a complex K P DbcpQpXqq which is quasi-isomorphic to a
bounded complex of injective OX -modules, such that for any F P D
b
cpQpXqq the canonical
map
F Ñ RHompRHompF ,K q,K q
is an isomorphism ([Har66, V.2], [Con00, §3.1]).
‚ If X is a Gorenstein scheme, OX is a dualizing OX -complex ([Har66, V 9.1]).
‚ If f : X Ñ Y is a separated morphism of finite type, there is a functor f ! : D`c pY q Ñ
D`c pXq, which can be constructed using smoothings ([Har66, III 8.7]) or Nagata compactifi-
cations ([LH09]). The functor f ! preserves dualizing complexes ([Har66, VI 3.1]).
‚ Two dualizing complexes on a scheme differ by an invertible sheaf up to a shift ([Har66, V
3.1]).
‚ If x is a point of X and K is a dualizing OX -complex, denote by pix : Specpkpxqq Ñ
SpecpOX,xq the canonical map and Kx P D
bpOX,xq the stalk at x. Then there is a unique
integer µK pxq such that pi
!
xKx P D
bpkpxqq is quasi-isomorphic to a 1-dimensional kpxq-
vector space concentrated in degree´µK pxq; in addition, the association x ÞÑ µK pxq defines
a codimension function onX ([Har66, V 3.4, 7.1]).
Definition 2.2.1. We denote by K
kpxq the 1-dimensional kpxq-vector space pi
!
xKxrµK pxqs.
We prove the following lemma concerning the vector spaces Kkpxq, which will be used later:
Lemma 2.2.2. Let f : X Ñ Y be a smooth morphism and letK be a dualizing complex on Y . Then
for every x P X and y “ fpxq there is a canonical isomorphism of kpxq-vector spaces
pf˚Kqkpxq » Kkpyq bkpyq kpxq.(2.2.2.1)
Proof. Since f is smooth of dimension d, the canonical morphism
i : Specpkpxqq Ñ SpecpOX,x bOY,y kpyqq(2.2.2.2)
is a regular closed immersion of codimension d, and [Har66, III 7.3, p. 180] implies that i!rds “ Li˚.
The isomorphism (2.2.2.1) then follows from [Har66, III 8.7 5), p. 191]. 
3. BOREL-MOORE DEVISSAGE
3.1. The Balmer-Walter-Gille complex. Throughout this subsection, we assume that 2 is invertible
in all schemes. Our main reference are [BW02] and [Gil07].
3.1.1. Let X be a scheme with a dualizing complex, represented by a minimal dualizing complex
([Gil07, Definition 1.7])
K‚ “ Km Ñ ¨ ¨ ¨ Ñ Kn ¨ ¨ ¨ .
We consider the triangulated category with duality
pDbcpQpXqq,#
K , canK q.
The codimension function µK : X Ñ Z associated to K induces a filtration on the derived category
DbcpQpXqq as
DbcpQpXqq “ D
m Ě ¨ ¨ ¨ Ě Dn Ě p0q
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where Dp :“
 
M‚ P DbcpQpXqq : µKpxq ě p for all x P suppM
‚
(
. We shall also denote Xppq :“
tx P X : µK pxq ě pu. Since D
p`1 Ď Dp is a saturated subcategory, we have an exact sequence of
triangulated category with duality
Dp`1 // Dp
q
// Dp{Dp`1
which induces a long exact sequence of Witt groups
¨ ¨ ¨ // W ipDp`1,K q // W ipDp,K q
q˚
// W ipDp{Dp`1,K q
B
// W i`1pDp`1,K q // ¨ ¨ ¨
Now, we get a complex
¨ ¨ ¨ 0 // WmpDm{Dm`1,K q
Bq
// Wm`1pDm`1{Dm`2,K q
Bq
// ¨ ¨ ¨
Bq
// W npDn,K q // 0 ¨ ¨ ¨
The localization functor (which is an equivalence of triangulated categories)
Dp{Dp`1 ÝÑ
ž
xPXppq
Dbc,mxpQpOX,xqq
induces an isomorphism of Witt groups
W ipDp{Dp`1,K q
–
ÝÑ
à
xPXppq
W i
mx
pOX,x,Kxq.
For x P X, denote by pix : Specpkpxqq Ñ SpecpOX,xq the canonical map. By [Xie20, Lemma 4.3],
for any i there is a devissage isomorphism which identifies
pix,˚ :W
ipkpxq, pi!xKxq
–
ÝÑW i
mx
pOX,x,Kxq.
Putting all these together we get a complex
À
xPXpmq
W p´1pkpxq, pi!xKxq
Bq
//
À
xPXpm`1q
W p´1pkpxq, pi!xKxq // ¨ ¨ ¨ //
À
xPXpnq
W p´1pkpxq, pi!xKxq
(3.1.1.1)
3.1.2. If µKpxq “ p, then the one-dimensional kpxq-vector space Kkpxq in Definition 2.2.1 can be
written as
Kkpxq “ pi
!
xpK
p
xq “ HomXpkpxq,K
p
xq(3.1.2.1)
with a canonical quasi-ismorphism
pi!xKx » Kkpxqr´ps.(3.1.2.2)
It follows that the complex (3.1.1.1) can be rewritten asÀ
xPXpmq
W pkpxq,Kkpxqq
Bq
//
À
xPXpm`1q
W pkpxq,Kkpxqq // ¨ ¨ ¨ //
À
xPXpnq
W pkpxq,Kkpxqq(3.1.2.3)
We denote this complex by CpX,W,Kq. One can sheafify this complex to obtain a complex of
sheaves on X
À
xPXpmq
pixq˚W pkpxq,Kkpxqq
Bq
//
À
xPXpm`1q
pixq˚W pkpxq,Kkpxqq // ¨ ¨ ¨ //
À
xPXpnq
pixq˚W pkpxq,Kkpxqq
(3.1.2.4)
which shall be denoted by CpX,W,Kq.
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3.2. The Rost-Schmid complex. Let X be a scheme with a dualizing complex K . We shall con-
struct the Rost–Schmid precomplexÀ
xPXpmq
W pkpxq,Kkpxqq
BRS
//
À
xPXpm`1q
W pkpxq,Kkpxqq // ¨ ¨ ¨ //
À
xPXpnq
W pkpxq,Kkpxqq(3.2.0.1)
which is constructed differently from the complex above and is inspired by [Schmid]. This complex
shall be denoted by CRSpX,W,Kq.
If A is a one dimensional local domain with field of fractions F , we denote A˜ be its normalization.
A˜ contains finitely many maximal ideals. Choose one maximal ideal m˜ of A˜ . Now, A˜m˜ is a d.v.r with
field of fractions F with residue field kpm˜q, and A˜m˜ is a finitely generated A module. We have a map
f˜ : SpecpA˜m˜q Ñ SpecpAq, and we form a commutative diagram
SpecpA˜m˜q
f˜
// SpecpAq
Specpkpm˜qq
p˜i
OO
g
// Specpkpmqq
pi
OO
IfK is a minimal dualizing complex on A, then f˜ !K is a minimal dualizing complex on SpecpA˜m˜q.
The Rost–Schmid residue map
δ : W pF q ÑW pkpm˜q, pm˜{m˜2q˚q
is defined by sending a form xay on F to δ
piy˜
2 pxayq b pi
˚ where δ2 is Milnor’s second residue (cf.
[MH73, Lemma 1.2]) and pi˚ is the dual basis of the basis pi in the free rank one kpm˜q vector space
m˜{m˜2.
Let Kkpm˜q :“ pf˜
!Kqkpm˜q and let Ω be the kernel of the first differential (which is a dualizing
module). We have a twisted residue map
δ : W pF,KF q ÑW pkpm˜q,Kkpm˜qq
induced by the Rost-schmid residue map, this is because we have
Kkpm˜q – ΩbA˜
m˜
pm˜{m˜2q˚ – Ωkpm˜q bkpm˜q pm˜{m˜
2q˚ KF – ΩF
where the left isomorphism is obtained by the fundamental local isomorphism, cf. [Har66, p 179].
Note that kpmq Ă kpm˜qwith kpm˜q a finite field extension of kpmq. There are canonical isomorphisms
σ : Kkpm˜q “ pf˜
!Kqkpm˜q – g
!Kkpmq,
and we have the twisted transfer as
tr : W pkpm˜q,Kkpm˜qq –W pkpm˜q, g
!Kkpmqq
g˚
ÑW pkpmq,Kkpmq.q
Remark 3.2.1. This transfer still makes sense if two is not invertible. Assume F is any field, and L is
a finite field extension of F . Let g : SpecLÑ SpecF be the canonical map, and let H be a rank one
free module over F . Then, g!H :“ HomF pL,Hq is a rank one free module over L. The transfer is
defined to be g˚ : W pL, g
!Hq Ñ W pF,Hq by sending a symmetric space ϕ : V Ñ HomLpV, g
!Hq
to e˝ϕ : V Ñ HomF pV,Hq where the map e : HomF pVF , g
!Hq Ñ HomF pV,Hq is the “evaluation
at one map” defined by sending f to v ÞÑ fpvqp1Lq.
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The differential
BRS :
à
xPXpiq
W pkpxq,Kkpxqq Ñ
à
yPXpi`1q
W pkpyq,Kkpyqq
may be described by the following composition.
W pkpxq,Kkpxqq
‘δ
ÝÑ
à
y˜
W pkpy˜q,Kkpy˜qq
Σtr
ÝÑW pkpyq,Kkpyqq
where the sum is taken over all points y˜ that dominate y and live inside the normalization
Ą
txu of txu
in its residue field kpxq. Note that OĄ
txu,y˜
is a d.v.r dominating the one dimensional local domain
Otxu,y in its field of fractions which is isomorphic to kpxq.
Theorem 3.2.2. Assume that 2 is invertible on X. Then the Rost–Schmid complex 3.2.0.1 coincides
with Gille’s complex 3.1.2.4.
Proof. It is enough to check the one dimensional local domain case. The proof in this case can be
extracted from [Gil07, Propostion 6.10]. 
Remark 3.2.3. (1) In [Plo19, §3], Plowman gave a construction similar to the precomplex (3.2.0.1)
via a Rost-Schmid type construction with residue complexes. Our construction seems to be
comparable to his by translating dualizing complexes to residue complexes, but such a com-
parison is beyond the scope of this paper. Plowman has also informed us that he is able to
show that his precomplex is a complex even if 2 is not invertible.
(2) The Gersten conjecture for Witt groups says that if X is the spectrum of a regular local
ring, the sequence CRSpX,W,OX q in (3.2.0.1) is exact. When X has equal characteris-
tic different from 2, this conjecture is proved in [BGP`02]. In mixed characteristic, the
conjecture is proved by Jacobson ([Jac18, Theorem 3.8]) for any unramified regular local
ring with two invertible. For the two inverted Witt groups W pXqr1
2
s, this conjecture is
proved by Jacobson ([Jac17, Theorem 5.3]) for any excellent regular local ring, and the ex-
cellence condition is later removed in [DFKJ20, Corollary E.4]. In fact, one can see that
CRSpX,W,OX qr
1
2
s – CRSpXQ,W,OXQqr
1
2
s, since Witt groups of a field with finite char-
acteristic can only have primary two torsions. Therefore, Gersten conjecture is (trivially) true
for CRSpX,W,OX qr
1
2
s.
3.3. I-cohomology with dualizing complex. Throughout this subsection, we assume that 2 is in-
vertible in all schemes.
Definition 3.3.1. If k is a field and L is a rank one free k-module, we defined the fundamental module
Ijpk,Hq Ă W pk,Hq as follows: ConsiderW pk,Hq as aW pkq-module, and Ijpk,Hq is defined to
be the submodule of Ijpkq ¨W pk,Hq Ă W pk,Hq where Ijpkq Ă W pkq is the j-th fundamental
ideal.
Lemma 3.3.2. For x P X with µIpxq “ p, and y P X with µIpyq “ p` 1 such that y P ¯txu
BqppI
jpkpxq,Kkpxqqq Ď I
j´1pkpyq,Kkpyqq
Proof. It is enough to prove this for a one dimensional local domain A with dualizing complex K .
Let F be the field of fractions, and piη : SpecF Ñ SpecA the canonical map. In this case, we
mush show that the map Bq : W pF,Kηq Ñ W pkm,Kmq from the Gersten-Witt complex preserves
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fundamental modules. Choosing suitable injective hulls (i.e. trivializations), one has a residue map
dι :W pF q ÑW pkmq and a cube commutative diagram
W pF,Kηq
ι

Bq
// W pkm,Kmq
ι

IjpF,Kηq
88
q
q
q
q
q
q
q
q
q
q
Bq
//
ι

Ij´1pkm,Kmq
ι

77
♥
♥
♥
♥
♥
♥
♥
♥
♥
♥
♥
♥
W pF q
dι
// W pkmq
IjpF q
88
q
q
q
q
q
q
q
q
q
q
q
dι
// Ij´1pkmq
77
♥
♥
♥
♥
♥
♥
♥
♥
♥
♥
♥
The bottom diagram is commutative by [Gil07, Theorem 6.6]. The back vertical diagram is com-
mutative by [Gil07, Diagram (15)] and our definition Bq via the devissage isomorphism. The upper
diagram is therefore commutative by the commutativity of other five diagrams. 
It follows that the complex above restricts to fundamental modules asÀ
xPXpmq
Ijpkpxq,Kkpxqq
Bq
//
À
xPXpm`1q
Ij´1pkpxq,Kkpxqq // ¨ ¨ ¨ //
À
xPXpnq
Ij´pn´mqpkpxq,Kkpxqq
Denote this complex by CpX, Ij ,K q which can be sheafified into a complex of sheaves
CpX, Ij ,K q P DbpShZarpXqq.(3.3.2.1)
3.4. I-cohomology with support. In this subsection we assume that 2 is invertible on all schemes.
3.4.1. Let pi : Z Ñ X be a closed immersion, with j : U ãÑ X its open complement. We consider
the complexes of sheaves
CpX on Z, Ij ,K q :“ ker
“
CpX, Ij ,K q
j˚
ÝÑ CpU, Ij ,K q
‰
Definition 3.4.2. We define the I-cohomology of the schemeX with dualizing complexK supported
on Z to be the hypercohomology
H ipX on Z, Ij ,K q :“ HipCpX on Z, Ij ,K qq
We denote H ipX, Ij ,Kq “ H ipX on X, Ij ,K q.
Let Dbc,ZpQpXqq is the full triangulated subcategory of D
b
cpQpXqq consisting of complexes F
‚
such that the support of F‚, i.e. tx P X|HipF‚qx ‰ 0 for some i P Z u is contained in Z . Let
X
p
I
:“ tx P X|m ď µIpxq ď p´ 1u and X
ppq
I
:“ tx P X|µIpxq “ pu. Define
D
p
Z,X :“
!
M‚ P Dbc,ZpQpXqq|pM
‚qx is acyclic for all x P X
p
I
)
considered as a full subcategory of Dbc,ZpQpXqq. Note that the duality functor #
K maps D
p
Z,X
into itself. Therefore, pDpZ,X ,#
K q is a triangulated category with duality. The subcategories DpZ,X
provide a finite filtration
Dbc,ZpQpXqq “ D
m
Z,X Ě D
m`1
Z,X Ě ¨ ¨ ¨ Ě D
p
Z,X Ě ¨ ¨ ¨ Ě D
n
Z,X Ě p0q
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which induces exact sequences of triangulated categories with duality
D
p`1
Z,X ÝÑ D
p
Z,X ÝÑ D
p
Z,X{D
p`1
Z,X .
On the other hand, we define
D
p
Z :“
!
M‚ P DbcpQpZqq|pM
‚qz is acyclic for all z P Z
p
pi5I
)
as a full subcategory of DbcpQpZqq. By the same reason above, we have a finite filtration
DbcpQpZqq “ D
m
Z Ě D
m`1
Z Ě ¨ ¨ ¨ Ě D
p
Z Ě ¨ ¨ ¨ Ě D
n
Z Ě p0q
which induces exact sequences of triangulated categories with duality
D
p`1
Z ÝÑ D
p
Z ÝÑ D
p
Z{D
p`1
Z .
Since µIpzq “ µpi5Ipzq for all z P Z , we have pi˚pD
p
Zq Ă D
p
Z,X . It follows that we obtain a map of
exact sequences of triangulated categories with duality
pDp`1Z ,#
pi5K q ÝÝÝÝÑ pDpZ ,#
pi5K q ÝÝÝÝÑ pDpZ,X{D
p`1
Z,X ,#
pi5K q
pi˚
§§đ pi˚§§đ pi˚§§đ
pDp`1Z,X ,#
K q ÝÝÝÝÑ pDpZ,X ,#
K q ÝÝÝÝÑ pDpZ,X{D
p`1
Z,X ,#
K q
which induces a map of long exact sequences of groups
(3.4.2.1)
¨ ¨ ¨ ÝÑW ipDpZ ,#
pi5K qÝÑW ipDpZ{D
p`1
Z ,#
pi5K qÝÑW i`1pDp`1Z ,#
pi5K qÝÑ ¨ ¨ ¨
pi˚
§§đ pi˚§§đ pi˚§§đ
¨ ¨ ¨ ÝÑW ipDpZ,X ,#
K qÝÑW ipDpZ,X{D
p`1
Z,X ,#
K qÝÑ W i`1pDp`1Z,X ,#
K q ÝÑ ¨ ¨ ¨ .
The localization functors
loc : D
p
Z,X{D
p`1
Z,X Ñ
ź
xPZXX
ppq
I
Db
mX,x
pOX,xq
induce equivalences of categories. From this, we get a morphism of complexes
(3.4.2.2)
¨ ¨ ¨ ÝÑ
À
xPZ
ppq
pi!K
W
p
mx
pOZ,x, pi
5KxqÝÑ
À
xPZ
pp`1q
pi!K
W
p`1
mx
pOZ,x, pi
5Kxq ÝÑ ¨ ¨ ¨
pi˚
§§đ pi˚§§đ
¨ ¨ ¨ ÝÑ
À
xPZXX
ppq
K
W
p
mx
pOX,x,KxqÝÑ
À
xPZXX
pp`1q
K
W
p`1
mx
pOX,x,KxqÝÑ ¨ ¨ ¨ .
Now the devissage of Gille [Gil07] (or [Xie20, Lemma 4.5]) says that all the vertical arrows are
isomorphisms, both leading to the case of fields. The upper line of 3.4.2.2 computes H ipZ,W, pi!K q
and the lower line computes H ipX on Z,W,K q. By Lemma 3.3.2, we conclude that:
Theorem 3.4.3. Assume that 2 is invertible on all schemes. Let pi : Z Ñ X be a closed immersion
and let K be a dualizing complex on X. The map
pi˚ : H
ipZ, Ij , pi!K q ÝÑ H ipX on Z, Ij ,K q
induced by Diagram (3.4.2.2) is an isomorphism for any i, j P Z.
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4. THE (TWISTED) SIGNATURE MAP
4.1. Twisted residue. Let X be a scheme (over Z) with a dualizing complex K . Let x P Xppq, y P
Xpp`1q. Recall our convention Kkpxq :“ pi
!
xK
p
x and Kkpyq :“ pi
!
yK
p`1
y . Both Kkpxq and Kkpyq are
rank one free modules over their corresponding residue fields. Our goal in this section is to define a
twisted differential
Bre : Cpkpxqr,ZpKkpxqqq Ñ Cpkpyqr,ZpKkpyqqq
This will be defined by a twisted residue map followed by a twisted transfer map on the real
spectrum. Here and in all that follows, we use the short-hand Fr :“ sperF for a field F .
Let R be a d.v.r with field of fractions F and let m be its maximal ideal. Let km be it is residue
field. Choose a uniformizing parameter pi of R. Suppose P is an ordering on F . We say R is convex
on pF,P q whenever for all x, y, z P F , x ďP z ďP y and x, y P R implies z P R. For any ordering
ξ¯ P km, the set
Yξ¯ :“ tP P sperF : R is convex in pF,P q, and ξ¯ “ P¯ on kmu
maps bijectively to t˘1u by sending P to SignP ppiq [Jac17, Section 3]. Denote ξ
pi
˘ the ordering on
F such that Signξpi˘
ppiq “ ˘1. Jacobson [Jac17, Section 3] defines a residue map (a group homomor-
phism)
βpi : CpFr,Zq Ñ Cppkmqr,Zq
s ÞÑ
`
ξ¯ ÞÑ spξpi`q ´ spξ
pi
´q
˘
This map depends on the choice of uniformizing parameter.
Remark 4.1.1. Note that if kpmq is finite characteristic, kpmqr is empty, because ordered fields can
only have characteristic zero. The target of the βpi is then zero.
For a field Q and a rank one Q-module H , we define CpQr,ZpHqq as the group
CpQr,Zq bZrQˆs ZrH
ˆs
where the underlying map
ζ : ZrQˆs Ñ CpQr,Zq
is the ring homomorphism given by
p
ř
naaq ÞÑ
´
ξ ÞÑ
ÿ
naSignξa
¯
.
The twisted residue map is the group homomorphism
β1 : CpFr,Zq Ñ Cppkmqr,Zppm{m
2q˚qq
s ÞÑ βpipsq b pi
˚
where pi˚ is the dual basis of the basis pi of the one-dimensional km-vector space m{m
2.
Lemma 4.1.2. The twisted residue map β1 does not depend on the choice of the uniformizing param-
eter.
Proof. Let api be another uniformizing parameter with a P R´m. Note that β1apipsqpξ¯q “ SignP paqβ
1
pipsqpξ¯q
and SignP paq “ Signξ¯paq. It follows that
β1apipsq b api
˚ “ β1apipsqζpaq b pi
˚
Now, β1apipsqζpaqpξ¯q “ Signξ¯paq
2β1pipsqpξ¯q “ β
1
pipsqpξ¯q. The result follows. 
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Let t : R Ñ H be a trivialization. Then tF : F Ñ HF and tkm : km Ñ Hkm are both trivializa-
tions, which induce isomorphisms
tF : CpFr,Zq Ñ CpFr,ZpHF qq tkm : Cppkmqr,Zq Ñ Cppkmqr,ZpHkmqq
Definition 4.1.3. The twisted residue is the group homomorphism
β : CpFr,ZpHF qq Ñ Cppkmqr,ZpHkm b pm{m
2q˚qq
s ÞÑ tkmβpt
´1
F psqq
Remark 4.1.4. The twisted reside does not depend on the choice of trivialization.
4.2. Twisted transfer. Let L be a finite field extension of F . Assume that F has an ordering P .
Hence, F is of characteristic zero. We say an ordering R (on L) is an extension of P if P Ă R under
the injection F ãÑ L. Define a map
t : CpLr,Zq Ñ CpFr,Zq
φ ÞÑ
˜
P ÞÑ
ÿ
RĄP
φpRq
¸
where the sum runs through all extensions R of P . This map is well-defined as the sum is finite.
(Note that the number of extensions equals SignP pTr˚x1yq, cf. [Schar85, Chapter 3, Theorem 4.5]).
This map will be called the transfer map.
Define the map f : SpecL Ñ SpecF . If H is a rank one free module over F , then recall f !H :“
HomF pL,Hq. There is a trace form tr : L Ñ HomF pL,F q which gives rise to an isomorphism
trH : HL Ñ HomF pL,Hq “ f
!H by tensoring H on both sides.
Definition 4.2.1. The twisted transfer is the group homomorphism
t : CpLr,Zpf
!Hqq Ñ CpFr,ZpHqq
φ ÞÑ
˜
P ÞÑ
ÿ
RĄP
tr´1H φpRq
¸
which is the composition
CpLr,Zpf
!Hqq
idbtr´1
H
// CpLr,ZpHLqq “ CpLr,ZpHqq
tbid
// CpFr,ZpHqq.
4.3. A Gersten complex.
4.3.1. If A is a one dimensional local domain(could be Z) with field of fractions F , we denote A˜
be its normalization. A˜ contains finitely many maximal ideals. Choose one maximal ideal m˜ of A˜ .
Now, A˜m˜ is a d.v.r with field of fractions F with residue field kpm˜q, and A˜m˜ is a finitely generated A
module. We have a map f˜ : SpecpA˜m˜q Ñ SpecpAq. If K is a dualizing complex on A, then f˜
!K is
a dualizing complex on SpecpA˜m˜q. We have a commutative diagram
SpecpA˜m˜q
f˜
// SpecpAq
Specpkpm˜qq
p˜i
OO
g
// Specpkpmqq
pi
OO
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LetKkpm˜q :“ pf˜
!Kqkpm˜q and let Ω be the kernel of the first differential. We have a residue map
β : CpFr,ZpKF qq Ñ Cpkpm˜qr,ZpKkpm˜qqq
induced by β1 above via Definition 4.1.3, since we have
Kkpm˜q – ΩbA˜
m˜
pm˜{m˜2q˚ – Ωkpm˜q bkpm˜q pm˜{m˜
2q˚ KF – ΩF
where the left isomorphism is obtained by the fundamental local isomorphism, cf. [Har66, p 179].
Note that kpmq Ă kpm˜q with kpm˜q a finite extension of kpmq. There are canonical isomorphisms
σ : Kkpm˜q – g
!Kkpmq,
and we have the twisted transfer as
t : Cpkpm˜qr,ZpKkpm˜qqq – Cpkpm˜qr,Zpg
!Kkpmqqq Ñ Cpkpmqr,ZpKkpmqqq
by Definition 4.2.1.
Theorem 4.3.2. LetX be a scheme with dualizing complex K . Assume that 2 is invertible inX. The
sequence of mapsÀ
xPXm
Cpkpxqr,ZpKkpxqqq
Bre
//
À
xPXm`1
Cpkpxqr,ZpKkpxqqq // ¨ ¨ ¨ //
À
xPXn
Cpkpxqr,ZpKkpxqqq
is a complex where Bre is defined by the twisted residues composed with twisted transfers via normal-
izations (as in the case of Witt groups). Denote this complex by CpXr,K q.
Proof. We construct a commutative ladder diagramÀ
xPXpmq
W pkpxq,Kkpxqq
BRS
//
Sign

À
xPXpm`1q
W pkpxq,Kkpxqq //
2¨Sign

¨ ¨ ¨ //
À
xPXpnq
W pkpxq,Kkpxqq
2n´m¨Sign
À
xPXpmq
Cpkpxqr,ZpKkpxqqq
Bre
//
À
xPXpm`1q
Cpkpxqr,ZpKkpxqqq // ¨ ¨ ¨ //
À
xPXpnq
Cpkpxqr,ZpKkpxqqq
We shall pick up one square in the ladder diagram to check the commutativity
W pkpxq,Kkpxqq
δ
//
Sign

À˜
y
W pkpy˜q,Kkpy˜qq
2¨Sign

tr
// W pkpyq,Kkpyqq
2¨Sign

Cpkpxqr,ZpKkpxqqq
β
//
À˜
y
Cpkpy˜qr,ZpKkpy˜qqq
t
// Cpkpyqr,ZpKkpyqqq
where the sum is taken over all points y˜ that dominate y and live inside the normalization
Ą
txu of txu
in its residue field kpxq. The problem is reduced to one dimensional case. To explain this, we shall
denote A :“ pOX,xqy which is a one dimensional local domain, and therefore F :“ kpxq is the field
of fraction of A and kpmq :“ kpyq is the residue field of A. If A˜ is the normalization of A inside F ,
then A˜kpm˜q is a d.v.r with residue field kpm˜q :“ kpy˜q. The commutativity of the left square is obtained
by [Jac17, Lemma 3.1 and 3.2] and [HWXZ19, Lemma A.8]. The commutativity of the right square
is obtained by a similar argument in [HWXZ19, Lemma A.9].
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Recall that I8pkpxq,Kkpxqq is the colimit of the sequence
I0pkpxq,Kkpxqq
xx´1yy
Ñ I1pkpxq,Kkpxqq
xx´1yy
Ñ ¨ ¨ ¨ Ñ Ijpkpxq,Kkpxqq Ñ ¨ ¨ ¨
One can promote the ladder diagram of Witt groups W pkpxq,Kkpxqq to the group I
8pkpxq,Kkpxqq,
and we obtain an isomorphism of complexes (as in [HWXZ19, Corollary A.11 and Corollary A.12])À
xPXpmq
I8pkpxq,Kkpxqq
BRS
//
Sign

À
xPXpm`1q
I8pkpxq,Kkpxqq //
Sign

¨ ¨ ¨ //
À
xPXpnq
I8pkpxq,Kkpxqq
Sign
À
xPXpmq
Cpkpxqr,ZpKkpxqqq
Bre
//
À
xPXpm`1q
Cpkpxqr,ZpKkpxqqq // ¨ ¨ ¨ //
À
xPXpnq
Cpkpxqr,ZpKkpxqqq
To see why vertical maps are isomorphisms, we refer to the result of Arason-Knebusch cf. [Jac17,
Proposition 2.7]. The upper line is a complex by Theorem 3.2.2 and Lemma 3.3.2. We conclude that
the lower line is also a complex. 
As kpxqr is discrete, we can consider Cpkpxqr,ZpKkpxqqq as a sheaf on kpxqr . Denote this sheaf
by ZpKkpxqq. We can then take the skyscraper sheaf pixrq˚ZpKkpxqq which becomes a sheaf on Xr.
Sheafifying each term of the complex CpXr,K q from this way. We obtain
Corollary 4.3.3. We have a complex of sheavesÀ
xPXpmq
pixrq˚ZpKkpxqq
Bre
//
À
xPXpm`1q
pixrq˚ZpKkpxqq // ¨ ¨ ¨ //
À
xPXpnq
pixrq˚ZpKkpxqq(4.3.3.1)
which we denote by CpXr,K q.
4.3.4. Recall that we have defined in (3.3.2.1) a bounded complex of Zariski sheaves CpX, Ij ,K q
on X. We denote
CRSpX, I8,K q “ colim
j
CRSpX, Ij ,K q.(4.3.4.1)
Proposition 4.3.5. Let X be a scheme where 2 is invertible with a dualizing complex K . Then there
are canonical isomorphism between hypercohomology groups
HipCpX, I8,K qq » HipCRSpX, I8,K qq » HipCpXr,K qq.(4.3.5.1)
Proof. By the proof of Theorem 4.3.2, there is a canonical isomorphism of complexes CRSpX, I8,Kq »
supp˚ CpXr,Z,Kq. Moreover, C
RSpX, I8,Kq “ CRSpX, I8,Kq. Since the functor supp˚ is ex-
act ([Sch95, Theorem 19.2]), the result follows from [Jac17, Lemma 4.6]. 
4.4. Removing 2-invertibility condition. We now remove some 2-invertibility conditions above by
using the restriction to the characteristic 0 fiber trick in [DFKJ20, Lemma 2.2].
For any scheme X, denote by XQ “ X ˆSpecpZq SpecpQq its characteristic 0 fiber, with the
canonical inclusion νX : XQ Ñ X. The points of Xr lie over points of X whose residue field are
formally real, and therefore live in the characteristic 0 fiber pXQqr . Therefore we have Xr “ pXQqr.
Furthermore, ifK is a dualizing complex onX, then the pullback ν˚XK is a dualizing complex on
XQ ([Stacks, Lemma 47.15.6]). By definition, the two complexesK and ν
˚
XK have isomorphic stalk
at every point of XQ. Since νX is a pro-open immersion, ν
˚
X commutes with the boundary maps that
we have defined. It follows that
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Corollary 4.4.1. (1) For every pair pX,K q, there is a canonical isomorphism
CpXr,K q » CppXQqr, ν
˚
XK q.(4.4.1.1)
(2) For every pair pX,K q the sequence of abelian groups CpXr,K q in (4.3.3.1) is a complex.
Proof. Since 2 is invertible on XQ, the second claim follows from the first one and Theorem 4.3.2.

5. GERSTEN COMPLEX AND DUALITY
5.1. Duality for real schemes.
5.1.1. By [Bac18, Theorem 35], for any scheme X there is a canonical equivalence of categories
DpXrq » DA1pXqrρ
´1s(5.1.1.1)
between the derived category of Xr and the ρ-inverted A
1-derived category of X; in addition, the
association X ÞÑ DpXrq defines a motivic triangulated category in the sense of [CD19, Definition
2.4.45]. By [CD19, Theorem 2.4.50], we have the corresponding six functors formalism. In particular,
if f : X Ñ Y is a separated morphism of schemes of finite type, there is a pair of adjoint functors
given by the exceptional direct image and inverse image functors
Rfr! : DpXrq é DpYrq : f
!
r.(5.1.1.2)
These functors are also have more explicit descriptions: for the induced map fr : Xr Ñ Yr between
the underlying real schemes, the functor Rfr! is the derived functor of the direct image with compact
support functor on sheaves
fr! : ShpXrq Ñ ShpYrq(5.1.1.3)
([Del91, II.8], [EP20, 3.1]). If f “ p ˝ j is a compactification of f , that is, p is a proper morphism
and j is an open immersion ([Con07]), then fr! “ pr˚ ˝ jr!, where jr! is the extension by zero functor.
As a consequence of the six functors formalism, we obtain the following properties:
Lemma 5.1.2. (1) (Localization) If i : Z Ñ X is a closed immersion with open complement
j : U Ñ X, then there is a canonical distinguished triangle inDpXrq:
Rir˚i
!
r ÝÑ 1 ÝÑ Rjr˚j
˚
r
`1
ÝÝÑ Rir˚i
!
rr1s.(5.1.2.1)
(2) (Projection formula) There is a canonical isomorphism
Rf!pF
L
b Lf˚Gq » Rf!F
L
b G.(5.1.2.2)
(3) (Relative purity) If f : X Ñ Y is a smooth morphism, then for any F P DpYrq the following
canonical map of functors is an isomorphism:
f !rZ
L
b f˚r p´q Ñ f
!
rp´q.(5.1.2.3)
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5.1.3. We wish to give a more precise description of the term f !rZ in the formula 5.1.2.3. Recall the
definition of Thom spaces in motivic categories:
Definition 5.1.4. Let T be a motivic triangulated category. Let p : V Ñ X be the projection of a
vector bundle over a scheme X, with s : X Ñ V the zero section. The (T -valued) Thom space
ThpV q P T pXq is defined as ThpV q “ Rp!Rs˚Ls
˚p!1X , where 1X P T pXq is the unit object.
The cohomology of the Thom space compute the cohomology groups of V with support inX. The
six functors formalism then identifies the object f !rZ with ThpTf q, where Tf is the tangent bundle of
f .
5.1.5. The Thom space is always a tensor-invertible object, which limits the possibilities it can be.
We now compute it inDpXrq:
Lemma 5.1.6. Let X be a scheme and let V be a vector bundle of rank d over X. Then in DpXrq
there is a canonical isomorphism
ThpV q » ZpdetpVrq
´1qrds.(5.1.6.1)
Proof. Recall that the real e´tale topology on X is the Grothendieck topology on the category of e´tale
X-schemes defined by surjective families on real spectra, which forms the real e´tale site. By [Sch94,
Theorem 1.3], there is an equivalence of sites between Xr and the real e´tale site Xret. By [Sch94,
Theorem 1.14], it suffices to show that there is a canonical isomorphism
ThpV q » aretpZpdetpV q
´1qqrds(5.1.6.2)
in the derived category of ret-sheaves DpXretq, where aret is the ret-sheafification functor. Assume
for the moment that 2 is invertible on X. By a twisted variant of Jacobson’s theorem ([HWXZ19,
Appendix]), for any line bundle L on X there is an isomorphism of sheaves
I
8pLq » aretpZpLqq(5.1.6.3)
where by [HWXZ19, Proposition 2.39], twisting by L on the Ij-sheaf agrees with changing the
duality by L in Witt groups. Now the Gysin morphism for the Ij-sheaf with respect to the zero
section s : X Ñ V induces a map
s˚I
j´dpdetpV qq Ñ Ijrds(5.1.6.4)
([HWXZ19, Theorem 2.48]) which, by taking colimits over j, gives rise to a map
I
8pdetpV qq Ñ s!I8rds.(5.1.6.5)
For any e´tale X-scheme U , the map (5.1.6.5) induces isomorphisms on cohomology
HnpU, I8pdetpV|U qqq » H
n`d
U pV|U , I
8q.(5.1.6.6)
Indeed, this is not an isomorphism for a general regular immersion, but in our case it is true since s is
a section of the smooth projection V Ñ X ([DJK18, Proposition 4.3.10 1)]). Therefore we obtain an
isomorphism
aretpZpdetpV qqq » RHompThpV q,1Xqrds(5.1.6.7)
which finishes the proof in the case where 2 is invertible on X. The general case follows from the
restriction to the characteristic 0 fiber trick in Section 4.4. 
As a consequence we deduce the following:
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Theorem 5.1.7 (Poincare´ duality). If f : X Ñ Y is a smooth morphism of relative dimension d,
there is a canonical isomorphism of functors
Zppωf qrqrds
L
b f˚r p´q Ñ f
!
rp´q(5.1.7.1)
where ωf is the determinant of the cotangent bundle of f .
5.2. The Gersten complex of a dualizing complex.
5.2.1. Recall that if X is a scheme and K is a dualizing OX -complex, by Corollary 4.4.1, we have
a complex of sheaves CpXr,K q onXr as constructed in (4.3.3.1).
Lemma 5.2.2. If X is an excellent regular scheme, then CpXr,OXq is quasi-isomorphic to the
constant sheaf Z onXr .
Proof. The idea of proof is in [Sch95, 2.3]. If X is a regular scheme, then OX has a dualizing
complex K . It is enough to prove that the i-th cohomology CpXr,Kq agrees with H
ipXr,Zq. Since
Gersten conjecture is true for CpXr,Kq cf. Section 4.4 and Theorem 4.3.2, we are reduced to check
that the kernel of the first differential in CpXr,Kq (i.e. H
0CpXr,Kq) is isomorphic to H
0pXr,Zq.
Note that our first differential is isomorphic to the differential in [Jac17, Lemma 4.9]. The claim then
follows from [Jac17, Proposition 4.7 and Lemma 4.9]. 
Lemma 5.2.3. If L is a line bundle on X, then there is an isomorphism of complexes
CpXr,K b Lrnsq » CpXr,K q b ZpLrqrns.(5.2.3.1)
Proof. An exercise to the reader. 
Lemma 5.2.4. Let f : X Ñ Y be a smooth morphism of schemes of relative dimension d and letK
be a dualizing OY -complex. Then there is a canonical isomorphism of complexes
CpXr, f
˚K q » f˚r CpYr,K q.(5.2.4.1)
Proof. By smooth base change ([Sch94, 16.11]), the right hand side is termwise given by the sheaves
‘pipf´1pyqqr q˚ZpKyq.(5.2.4.2)
The result then follows from Lemma 2.2.2. 
5.2.5. Now we show a relation of the complex CpXr,K q with the functor f
!:
Theorem 5.2.6. Let f : X Ñ Y be a quasi-projective morphism of schemes and letK be a dualizing
OY -complex. Then there is an isomorphism
CpXr, f
!K q » f !rCpYr,K q.(5.2.6.1)
Proof. Since every quasi-projective morphism factors as a closed immersion followed by a smooth
morphism, we only need to deal with these two cases.
If f is a closed immersion, then f is in particular finite, and there is a push-forward map
Rfr!CpXr, f
!K q “ fr˚CpXr, f
!K q Ñ CpYr,K q(5.2.6.2)
induced by finite push-forwards onWitt groups ([Gil03], [Fas08, §5]). By adjunction the map (5.2.6.2)
induces a map
CpXr, f
!K q Ñ f !rCpYr,K q(5.2.6.3)
which is an isomorphism by Theorem 3.4.3.
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If f is smooth of relative dimension d, the isomorphism follows from Theorem 5.1.7, Lemma 5.2.3
and Lemma 5.2.4 and the identification f !K “ f˚K b ωf rds ([Har66, III §2]), where ωf is the
determinant of the cotangent bundle of f . 
Remark 5.2.7. It is expected that the map (5.2.6.2) can be generalized to all proper morphisms, just
as the proper push-forward on Witt groups in [CH11, Theorem 4.4]. With such a result the isomor-
phism (5.2.6.1) can be extended to all separated morphisms of finite type using Nagata compactifica-
tion ([Con07]). We plan to settle this problem in future.
5.3. Restricting to max spectrum. For any scheme T , we denote by ιT : T
max
r Ñ Tr the inclusion
of the subspace of closed points. If T is affine, then the space Tmaxr is quasi-compact and Hausdorff,
and the map ιT has a retraction piT : Tr Ñ T
max
r which is proper ([BCR91, 7.1.25]). By [CC83,
Proposition 4], we have
piT˚ “ ι
˚
T : D
`pTrq Ñ D
`pTmaxr q.(5.3.0.1)
The aim of this section is to know that the functor (5.3.0.1) preserves dualizing objects. Therefore by
restricting to the max spectrum we get a correspondence between coherent dualizing complexes and
dualizing complexes in the topological Verdier duality for locally compact Hausdorff spaces.
Let k be the spectrum of a formally real field and letX be a quasi-projective k-scheme. Denote by
pr : Xr Ñ Sperpkq the structure morphism, and p
1
r “ ιX ˝ pr : X
max
r Ñ Sperpkq the composition.
Then we have pr “ piX ˝ p
1
r. We then have a natural transformation of functors
ψX{S : ι
˚
Xp
!
r Ñ p
1!
r : D
`pSperpkqq Ñ D`pXmaxr q(5.3.0.2)
given by
ι˚Xp
!
r
(5.3.0.1)
“ piX˚pi
!
Xp
1!
r
counit
ÝÝÝÑ p1!r .(5.3.0.3)
Proposition 5.3.1. The transformation (5.3.0.2) is an isomorphism.
Proof. When X is smooth over k, the map (5.3.0.2) is an isomorphism by Poincare´ duality.
In the general case, let i : X Ñ P be a closed embedding into a smooth S-scheme P with
complement j : U “ P ´ X Ñ P . Denote by qr : Pr Ñ Sperpkq and tr : Ur Ñ Sperpkq the
structure morphisms. The localization triangle gives a canonical distinguished triangle
ir˚p
!
r ÝÑ q
!
r ÝÑ jr˚t
!
r
`1
ÝÝÑ ir˚p
!
rr1s.(5.3.1.1)
applying the functor piP˚ to (5.3.1.1) we get a distinguished triangle
piP˚ir˚p
!
r ÝÑ piP˚q
!
r ÝÑ piP˚jr˚t
!
r
`1
ÝÝÑ piP˚ir˚p
!
rr1s(5.3.1.2)
which is canonically identified with the distinguished triangle
i1r˚ι
˚
Xp
!
r ÝÑ ι
˚
P q
!
r ÝÑ j
1
r˚ι
˚
U t
!
r
`1
ÝÝÑ i1r˚ι
˚
Xp
!
rr1s.(5.3.1.3)
Now consider the following diagram of functors
i1r˚ι
˚
Xp
!
r
//
i1r˚ψX{S

ι˚P q
!
r
//
ψP {S

j1r˚ι
˚
U t
!
r
`1
//
j1r˚ψU{S

i1r˚ι
˚
Xp
!
rr1s
i1r˚ψX{S r1s

i1r˚p
1!
r
// q1!r
// j1r˚t
1!
r
`1
// i1r˚p
1!
r r1s
(5.3.1.4)
where both rows are distinguished triangles, and it is easy to check that the diagram commutes. We
know that the maps ψP {S and j
1
r˚ψU{S are isomorphisms since P and U are smooth, and five lemma
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implies that the map i1r˚ψX{S is an isomorphism. Since the map i
1
r : X
max
r Ñ P
max
r is a closed
immersion, the functor i1r˚ is conservative, and we know that the map ψX{S is an isomorphism. 
6. APPLICATION: A KU¨NNETH FORMULA
Let S be a regular scheme, f : X Ñ S be a quasi-projective morphism. Then, f : X Ñ S induces
a map fr : Xr Ñ Sr on real spectra. If L is a line bundle onX, we have an associated locally constant
sheaf ZpLq on Xr as in [HWXZ19].
Definition 6.0.1. Define the Borel-Moore homology theory of fr : Xr Ñ Sr as the hypercohomol-
ogy
HBMn pXr{Sr,ZpLqq :“ H
´n
`
Xr, pf
!
rZSrq b ZpLq
˘
Remark 6.0.2. (1). If L is the trivial bundle, the Borel-Moore homology is
HBMn pXr{Sr,Zq :“ H
´npXr, f
!
rZSrq
where ZSr is the constant sheaf on Sr.
(2). The above definition seems to be purely topological, but we can not find a corresponding defini-
tion in the literature. If S “ SpecpRq and R be a real closed field, the right hand side is isomorphic
to the semi-algebraic Borel-Moore homology ([Del91, III §2]), that is,
HBMn pXr{Sr,Zq – H
BM
n pXpRq,Zq
where XpRq is the semialgebraic space defined by the R-points of X ([Del91, I Example 1.1]). This
can be seen by [Del91, III 12.10]. It is worth to mention that, in the special case S “ SpecpRq, we
get the Borel Moore homology studied by Bredon [Bre97, Chapter III] and Iverson [Iver86, Chapter
IX].
Definition 6.0.3. Define the Borel-Moore real homology theory as the hypercohomology
HBMrn pX{S,Lq “ H
´nCpXr, f
!OS b Lq.(6.0.3.1)
Note that by Proposition 4.3.5, the group HBMrn pX{S,Lq can also be computed as the hyperco-
homology H´nCRSpX, I8, f !OS b Lq. The following lemma is a generalization of [Sch95, 3.2]:
Proposition 6.0.4. Let S be a regular scheme and let X be a quasi-projective S-scheme. Let L be a
line bundle on X. Then there is an isomorphism
HBMrn pX{S,Lq » H
BM
n pXr{Sr,ZpLqq.(6.0.4.1)
Proof. The result follows from Lemma 5.2.2, Lemma 5.2.3, Theorem 5.2.6. 
Corollary 6.0.5. Let X,Y be two quasi-projective R-schemes. Let L (respectively L1) be a line
bundle on X (respectively Y ). Then there is a split short exact sequence
0Ñ
à
p`q“n
HBMrp pX{R, Lq bZ H
BMr
q pY {R, L
1q Ñ HBMrn pX ˆR Y {R, LbR L
1q
Ñ
à
p`q“n´1
TorpHBMrp pX{R, Lq,H
BMr
q pY {R, L
1qq Ñ 0
(6.0.5.1)
(see 2.1 for the notation LbR L
1).
Proof. By [Del91, III 11.10] we are reduced to topological Borel-Moore homology ([Bre97, V.3]).
Since pXˆRY qpRq » XpRqˆY pRq, the result then follows from [Bre97, V.14.1]: the hlc condition
on XpRq and Y pRq is satisfied since both spaces are locally contractible. 
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Remark 6.0.6. (1) The Tor-terms are non-zero in general, unless we work with rational coeffi-
cients. For example, for any pair of coprime integers pp, qq there exists a smooth R-scheme
whose set of R-points is homeomorphic to the 3-dimensional lens space Lpp, qq, and conse-
quently its Borel-Moore homology, which agrees with singular homology since lens spaces
are compact, has p-torsion.
(2) We expect the Ku¨nneth formula to hold over any real closed field, which would require a
semialgebraic version of the Ku¨nneth formula for Borel-Moore homology. However, when
the base field k is not real closed, the situation is a priori more complicated as the real scheme
of a fiber product over k is not necessarily the Cartesian product, and one also needs to take
care of the geometric components.
(3) Since the complex CpXr,K q is a complex of acyclic sheaves, the hypercohomology groups
HBMrn pX{S,Lq can be computed as the cohomology groups of the complex of global sec-
tions. By [DFKJ20, Theorem 8.10] we know, after inverting 2, that the groupsHBMrn pX{S,Lq
agree with the A1-bivariant groups in the negative part of the stable motivic homotopy cate-
gory SH.
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